Symmetries of Heat Equation

Ut = Uxx

F = UT - UXX

ux =D[u[x, t], x];
ut =D[u[x, t], t1;
utx = D[ut, x];
uxx = D[ux, x];

UT - UXX

SymmetryCondition = n@1D[F, UT] + n20 D[F, UXX]
nol - n20

nol =D[n[x, t, u[x, t]], t] —-uxD[&1[x, t, u[x, t]1], t] -utD[&2[x, t, u[x, t]], t]
nle =D[n[x, t, u[x, t]], x] —uxD[&1[x, t, u[x, t]1], x] -utD[&2[x, t, u[x, t]1], X]
n20 =D[n10, x] -uxxD[&1[x, t, u[x, t]], x] —utxD[&2[x, t, u[x, t]], X]
u®@bx, t]1 %Y x, t, ulx, t]] +n @Y [x, t, ulx, t]] -
um® i, 1] (U x, t] 1%V [x, t, ulx, t]] + 10T [x, t, ulx, t]]) -
u®Hx, 1] (U@ x, 1] £2%%Y [x, t, ulx, t]1] + 209 [x, t, u[x, t]])

um® x, t] @Y x, t, ux, 1]+ [x, t, ulx, t]] -
um0x, 1] (U x, 1] 2% [x, t, ulx, t]1] + 1% [x, t, ulx, t]]) -
u®tx, £ (U x, 1) 2% [x, t, ulx, t]]) + €200 [x, t, ulx, t]])

u®®1x, t] n®®Y [x, t, ulx, t]] -

209 [x, ] (U x, t] 10V x, £, ulx, )]+ £ [x, £, ulx, t]]) -

2B [x, t] (W9 x, 1] 2%V [x, £, ulx, 1)1+ €202 [x, b, ulx, t]]) +

u® 1, 1] @O [x, t, ulx, 1] +u X, t]

(U™ 1%, t] n®®2 [x, t, ulx, t]] + ™Y [x, t, ux, t17) +n®%% [x, t, ulx, t]] -

umOx, 1] (U x, 1] €100 [x, £, ulx, )] +u™® [x, t] 1%V [x, ¢, ulx, t]] +
u®™0x, t] (U x, 1] €1%%2 [x, t, ulx, t]] + E10%Y [x, t, ulx, t]]) +
1% [x, t, u[x, t]]) -

u®Yix, 1] (U x, 1] 2%V [x, t, ulx, t]] +u®P [x, t] 200V [x, t, ulx, t]] +
um® x, t] (U [x, 1] £2%%2 [x, t, ulx, t]] + 20T [x, t, ulx, t]]) +

£22:99 x, t, u[x, t]])
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SymmetryCondition =
SymmetryCondition /. {ux - UX, ut - UT, utx - UTX, uxx - UXX, u[x, t] -» U}
Ut n @%b [x, t, U] -Uxxn@®®Y [x, t, U] + @ [x, t, U] -
UX (UT €1®®Y [x, t, U] + €159 [x, t, U]) -UT (UT £2(%%Y [x, t, U] + €229 [x, t, U]) +
2UXX (UX 1@ [x, t, U] + 229 [x, £, U]) +
20TX (Ux 2@ [x, t, U] + 259 [x, £, U]) -
ux n & [x, t, U] -Ux (UXn®®2 [x, t, U] +n > [x, t, U] ) -
n2®9 [x, t, U] +UX (UXX 1%V [x, t, U] +UX €2 [x, £, U] +
UX (UX £11%%2 [x, t, U] + 1% [x, t, U]) + £12%% [x, t, U]) +
UT (UXX £2(%%Y [x, t, U] +UX £22%Y [x, t, U] +
UX (UX £2%%2 1x, t, U] + £22%Y [x, t, U]) + £22%% [x, t, U])

The equation is UT - UXX =0. So UXX -> UT

SymmetryCondition = SymmetryCondition /. UXX - UT
n©®H® [x, t, U] -UX (UT 1@V [x, t, U] + £1®59 [x, t, U]) -
UT (UT £2®%Y [x, t, U] + £21%5% [x, t, U]) +2UT (UXE1®% Y [x, t, U] + €209 [x, £, U]) +
20TX (UX 2@ [x, t, U] + 2% [x, t, U]) ~UuXn™®®Y [x, t, U] -
UX (UXn©®2 [x, t, U] + ™Y [x, £, U]) -n®%® [x, t, U] +
UX (UT €1®%Y [x, t, U] +UX 1% Y [x, £, U] + UX (UXE11®%2 [x, t, U] + €108 [x, t, U]) +
£1%9 [x, t, U]) +UT (ut £20@80 1y £, U] +UX 21D [x, t, U] +
UX (UX £2%%2 1x, t, U] + £22%Y [x, t, U]) + £22%% [x, t, U])

SymmetryCondition = Collect [SymmetryCondition, {UX, UT, UTX}]
Ux3 £1©@%2 x, t, U] +n@L® [x, t, U] +2UTX 2199 [x, t, U] +
ux? (-n@®®2 [x, t, U] +UT 2% [x, t, U] +2£10%Y [x, t, U]) -
n'2%% [x, t, U] +UX (2UTX £2(%%Y [x, t, U] - €12 [x, t, U] -2 Y [x, t, U] +
Ut (261995 [x, t, U] +2820%Y [x, t, U]) + £1%%% [x, t, U]) +
UT (-£2@59 [x, t, U] +2610%% [x, t, U] + £22%% [x, t, U])

DeterminingEquations =
DeleteCases[CoefficientList [SymmetryCondition, {UX, UT, UTX}] // Flatten, 0, {-1}]

[n®29 x, t, U] -n>%9 [x, t, U], 262029 [x, t, U],

—2@L0 [y, U] #2100 [x, t, U] + €299 [x, t, U],

~£1@%90 1x, £, U] - 27BN [x, t, U] + £12%9 [x, t, U],

26209%Y [x, t, U], 261%%Y [x, t, U] + 2200V [x, t, U],

0@ [x, t, U] +261%%Y %, t, U], £2%%? [x, t, U], £1%%? [x, t, U]}
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DeterminingEquations // MatrixForm

77(9,1,0) X, t, U] - ,7(2,0,0> [x, t, U]
221,09 [y t, U]

_£2(0:L0) [y t, U] +2E1L90 [x, t, U] + £2299 [x, t, U]
~€1(®19 [x, £, U] -2 BO [x, t, U] + €199 [x, t, U]
220001 [y t, U]
2610V [x, £, U] + 282008 [x, t, U]

“n(:0:2) 1y £, U] 421081 [x, t, U]
£2(0:0.2) 1y £, U]
£1(8:9:2) 1x £, U]

E1[x_, t_, U_] =A1[x, t] U+A2[x, t];
g2 [X_J t_: U_] = B[t].;

DeterminingEquations2 =
DeleteCases[CoefficientList [SymmetryCondition, {UX, UT, UTX}] // Flatten, 0, {-1}]

{n®® [x, t, U] -n®®% [x, t, U], -B'[t] +2 (VALY [x, t] + A2 [x, t]),
~uA1 @Y x, t] -A2@Y [x, t] +UAL>D [x, t] +A2(29 [x, t] - 210D [x, t, U],
2A1[x, t], 2819 [x, ] -n®®? [x, t, U]}

DeterminingEquations2 // MatrixForm
n' @b x, £, U] -89 [x, t, U]
-B[t] +2 (UAL™? [x, t] +A2(B9 [x, t])

—UAL®D [x, £] —A2@D [x, t] + UAL®® [x, t] + A2(29 [x, t] - 218D [x, t, U]
2A1[x, t]
2A1%59 [x, t] - (@2 [x, t, U]

Al[x_, t_] =0;

DeterminingEquations3 =

DeleteCases[CoefficientList [SymmetryCondition, {UX, UT, UTX}] // Flatten, 0, {-1}]
{n@%01x, t, U] - [x, £, U], -B[t] +2A207 [x, t],

~A2(% ) [x, £] + A2 [x, t] -2 BN x, t, U], -0 (x, t, U]}

DeterminingEquations3 // MatrixForm
‘@b x, t, U] -0 @0 [x, t, U]
B [t] +2A219 [x, t]
~A2@D x, ] + A2(29 [x, t] - 21OV [x, t, U]
-n'®®H X, €, U]

nix_, t_, U_] =C1[x, t] U+ C2[x, t];

DSolve[-B'[t] +2A2® [x, t] = @, A2, {X, t}]

HAZ N Function{{x, t), CI1][t] + ; xB’[t]H}
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1
A2[x_, t_] =A21[t] + - xB'[t];
2
DeterminingEquations4 =
DeleteCases[CoefficientList [SymmetryCondition, {UX, UT, UTX}] // Flatten, 0, {-1}]

{U 1@V [x, t] +C2@Y [x, t] ~UCL®® [x, t] -C2%9 [x, t],

1 1,0
_A21'[t] - . xB[t] -2C119 [x, t]}

DeterminingEquations4 // MatrixForm
uc1®@b x, t] +c2®@Y [x, t] -UC1®® [x, t] - €29 [x, t]
CA217[t] - % xB’[t] -2C119 [x, t]

1 1,0
DSolve[—AZl’[t] -2 xB'[t] -2C1®® [x, t] =@, C1, {X, t}]
2

‘ 1
{{c1 N Functlon{{x, £}, C[1][t] >

“2xA21[t] -ixz B”[t})”}

1 1
Cl[x_, t ] =Cl1[t] +— (—2xA21’[t] - - x* B”[t]);
4 2

SymmetryCondition = Collect [SymmetryCondition // FullSimplify, {U}]

1
— U (8C11'[t] +2B"[t] -x (4A21"[t] +xB?) [t])) + 2%V [x, t] - 2% [x, t]
8

eql = Collect[8 Coefficient [SymmetryCondition, U], x]
8C11'[t] -4xA21”[t] +2B”[t] - x*B®) [t]

B[t_] =cl+c2t+c3t"2;
A21[t_] =c4+c5t;

eql
4¢3 +8C11 [t]

DSolve[eql == @, Cl1, t]

el

c3
{{Cll - Function| {t}, -

Symmetries = {£1[x, t, u], §2[x, t, ul, n[x, t, ul}
SymmetryCondition = SymmetryCondition // FullSimplify
c3t

1
+— (-2c5x-c3x%)
2 4

1
{c4+c5t+f (c2+2c3t) x, cl+c2t+c3t%, u |c6- L C2(x, t}}
2

2@ [x, t] -€2»% [x, t]
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