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Motivation

@ Ever wondered how they find the symmetries of the equations you
study in your classes other than just staring at it really hard?

@ Ever encountered a rather quarrelsome equation and wished you had
the tools to tame it?
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One Parameter Group of Point Transformations

Definition: I'c : R” — R" is a one parameter group of point

transformations if:

Q@ To(xt,- -y xn) = (x1,...,%n)

QO lcols=T44e

@ T has a MacLaurin series with respect to € (i.e., Taylor expansion
around zero, i.e., smooth at zero, i.e., infinitely differentiable, etc.)
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Examples

@ Transformation group example:
Fe(x,y) = (xcos(e) + ysin(e), —x sin(e) + y cos(€))

@ Represented with a system of equations:

{>‘< = x cos(€) + y sin(e)
y = —xsin(e) + y cos(e)

@ Another example of a transformation:

rG(va) = (X+€7y)
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Infinitesimal Generators

@ A basis for the tangent space of the identity element in the group.

@ Every element in the connected component of the group can be

" generated” by repeatedly applying these transformations 1.

!Spencer, "What is the Lie group infinitesimal generator?”, Math Stack Exchange.
Accessed: July 2024.

ismail Deniz Giin (Bogazigi University) Lie Groups and Differential Equations July 21, 2024 6/85



Infinitesimal Generators:

_1 — _I(XlaX2a <oy Xy 6)
_2 — _2(X1aX2a ceey Xmy 6)
Xn = Xn(X1,X2, ..., Xn; €)
Ox1 O0Xo 0Xp,
&= Oe 2= Oe &n = Oe
e=0 e=0 e=0
X1 =x1+ 651 + 0(62)
Xp = Xxp + €€ + 0(62)
Xn = Xp + €€ + O(€?)
July 21, 2024
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Infinitesimal Generators:

@ So to the first order:
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Examples:

Fe(x,y) = (xcos(€) + ysin(e), —xsin(e) + y cos(e))

{)?1 = xy cos(€) + x2 sin(e)

X = —xq sin(e€) + xz cos(e)
%
& = % = —xj sin(€) + xp cos(€) =X
€ e=0 =0
o%
£ = % = —xq cos(€) — xasin(e) =X
€ e=0 =0
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Examples:
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Examples:

X=X+4+¢€
y=Yy
ox
=5 =1
e=0
dy
& Be . =0
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Examples:

@ Which is just what generates the x-axis translations.

@ Can we also find I, from X?
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0 0 0
X—§18—X1+€28—X2+...+§na—xn

oxq - _
- — gl(xlaXZa e 3Xn)

Oe

0x;,
Oe

= 'Sn()?la)éa o 7X_n)
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Example:

0 0
X—2xa+(y+1)@

fi=2x L=y+1

o%
oz 2X, X =x, X(x,y;e€)
Oe

e=0

oy  _ _ _

2= 7/tL ¥y =y, y(x,y:¢€)
€ e=0

@ We have to solve the partial differential equations for X and y.
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? =2%, Inx=2+C, x=C(x,y)e
€

e At e =0, Ci(x,y) = x. So Gi(x,y) = x.

% = xe**

oy
a_y:)_/"i_l? |n}7+1:6+c7 .)7+1:C2(X7y)ee
€

y = G(x,y)e —1

e Ate=0, G(x,y)=y+1 So G(x,y)=y+ 1.
y=+1e -1
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Example:

0 0

Fe(x,y) = (x€*, (y + 1)e° — 1)
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Prolongation

We have I, : R2 — R2.

Let
y=y(xyie)
X = X(x,y;€)

be a one parameter group of point transformations.
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Prolongation

Wy =y, ye)
===y y,y'ie
d?x - -

o T=y"(x,y,y,y"€)

is how we reach the second prolongation of I'.. (Which will be necessary
with higher order differential equations.)
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A quick example

o X = x cos(e) + ysin(e)
<" |7 = —xsin(e) + y cos(e)

_dy d(—xsin(e) + ycos(e))  —sin(€)dx + cos(e)dy zlx

dx  d(xcos(e) + ysin(e)) ~ cos(e)dx +sin(e)dy L

_ - sin(e) + cos(€)y’

cos(€) + sin(e)y’
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A quick example

@ The first prolongation is written as:
0 oy’
XU =X 4 — ng==2
+m By’ m= 5

e=0

So for us:
X = x cos(€) + y sin(e€)

y = —xsin(€) + y cos(¢€)
¢ - sin(e) + cos(€)y’
cos(€) + sin(e)y’

m=-1-y"

Lie Groups and Differential Equations July 21, 2024
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A quick example

o X = x cos(€) + y sin(e)
— " |7 = —xsin(e) + y cos(e)
0 0
M, 2 (- 2y Z
X y X(’)y + ( )8y/
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Prolongation

@ The general formula for 71 (The factor in front of the Biy’ term) is:
X=x+&x,y)e+...
y=y+nly)et. ..

n = Dxn — y,Dxf

where
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@ Together their general formula can be written as:

9 9 9 9

m=nx+y'(n — &) +y%,

m=nu+ Yy +Y"(ny — &)+ Y ey + Y0y — & — ¥ &)
+2y/ //gy + ylz(fyx +y §yy) Il(gx + y/fy)

where subscripts denote partial derivatives.
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Symmetries

o Write your ordinary differential equation as:
Fxy,y .y =0 (1)

o If X is a symmetry of the above equation, then:

X is a symmetry of (1) < X("(F) =0
F=0
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First Order ODEs

y' = w(xy)

Fxyy') = w(xy)-y'

0 0 0
1 — il = —
X é-(xay)ax+n(xay)8y+nl(xay)ay/
Symmetry Condition:

X)) =0
F=0

0 0
58 (w— )/)+778—(W )/)era -(w—y')=0
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First Order ODEs

Ewx +nwy —m1 =0

Ewx +nwy, =m | for y' = w(x,y)
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First Order ODEs

m =k Y (ny — &)+ y%Ey = Ewx +wy
This gives:

Ewy + nwy, = nx + W(ny - §x) + W2§y

@ This is what we would be dealing with for a first order ODE.

ismail Deniz Giin (Bogazigi University) Lie Groups and Differential Equations July 21, 2024 27/85



Second Order ODEs

yn :W(va,y,)

FOay'y') = wixyy')-y"

0 0 0 0
() — il il il v
X g(xay)ax+77(Xay)8y+n1(xay)8y/+n2(x7y)ay//
Symmetry Condition:
XA =0
F=0

Ewx +nwy +mw, =12
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Second Order ODEs

N =Nx+ y'(??y - fx) + ylzgy
M2 = Mxx + y/77xy + y//(77y — &)+ y/(nxy + y/nyy —&x — ylfxy)
+ 2"y + Y (Ex + ¥ Ey) — Y (E+YEy)

where we can replace y" with w(x,y,y").

Ews + 1wy + (0 + Y (1y — &) + ¥ )wy
= Nxx + y/77xy + W(77y - fx) + y,(nxy + y/nyy —&x — ylfxy)
+2y,W£y + y/2(€yx + ylgyy) - W(gx + ylﬁy)
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Second Order ODEs

@ Unknowns:

E(xy) n(x,y)

@ With the symmetry condition, we will equate the powers of y' to zero:

(A1) +y'(A2) + Y (A3) + y>*(As) +...=0
Al =0
Ay =0
As =0
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Second Order ODEs

Ewx + NWy = Thx + W(77y - gx) + wéx
0 =y + Ny — S + 2wEy, — wy’

0 = 7yy

0=2¢y
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An example

Ny =0 —n = ai(x) + a2(x)y
€y =0 — & = bi(x)+ bo(x)y

Solving the zeroth and first power equations then gives:
§=0 n=0GGx+G

giving the generator:

0 0

ismail Deniz Giin (Bogazigi University) Lie Groups and Differential Equations July 21, 2024 32/85



Reduction of Order

@ Finding the symmetries of a certain equation can allow us to see what
types of freedoms we have in our system (i.e. translational or
rotational invariance etc.)

@ But are there any practical applications of this? (i.e. What is the
spoon that comes out of all this woodworking?)

ismail Deniz Giin (Bogazigi University) Lie Groups and Differential Equations July 21, 2024 33/85



Reduction of Order Example

@ Using the symmetry let’s transform:
(x,y) — (t,s)

where we'd rather not have "t" explicit in the final equation.
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Reduction of Order Example

Xt=0, (x—y)tx=0—1t=Ct(y)
Xs=1, (x—y)sx=1

/ds— ——>s—|n(x— y)+ Gs(y)

With this transformation we have some freedom in coefficients.
Let's choose

t=y
s=In(x—y)+y

y=t
x=et4t
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Reduction of Order Example

@ Now find y' and y" and insert back:

,_dy  dt

Y = dx T d(est+ 1)
, 1

Y = et 1+ 1

e G0 -$) 4
G- 1) + 1P
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Reduction of Order Example

Y =3(x=y)(y')?
—e5T 54+ (8)° =25 +1] =3¢
§4+(8)°—25+1=-3
§4+(5)2—25+4=0

Put s = w:

W+ w? — 2w +4 = 0| Reduced order by 1!
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ODE symmetries and Computers

@ For demonstration we will be using Mathematica but feel free to use
any other type of software.

Say our ODE is:

"

Y =y ()
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ODE symmetries and Computers

@ We will begin by defining our eta;, etas, and etas. These are the
same for all ODEs, so feel free to reuse.

Finding Symmetries of y’=yy" - (y')?

etal =D[n[x, y[x]11, X] -y "' [X] “D[E[X, y[x]1, X]
Y X1 @Y 1%, y[x) ]+ n @0 x, y(x1] -y [x] (y [x] %Y [x, y[x]] + 59 [x, y[x]])
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ODE symmetries and Computers

e Hint: To type £ (xi), you can type Esc xi Esc.
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y/// — yy// . (y/)2

eta2 = D[etal, x] -y "'"[X] ~D[E[x, Y[x]], X]

Y Ix] @Y x, yx]] - 2y" [x] (y(x] €0V [, yx]] P x, y(x]]) +
Y IxI Y I, y[x]] =y Ix] (Y 1] 0@ 1%, y[x]] =0 x, y[x]]) +
70 I y [x]] -y Ix] (Y [x] €Y [x, y(x] ] +y [x] €Y (%, y[x]] +

y Ix] (y [x] €92 %, y[x] ]+ P [x, y(x]]) «£2% [x, y[x]])
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y/// — yy// . (y/)2

eta3 =D[eta2, x] -y """ [x] “D[E[X, ¥[x]], X]

Yy xI @Y x, yx1]-3y® [x] [y (x] €OV [x, y[x]]+ €2 [x, y[x]]) +
y I n™mY x, yix] ]+ 2y (%] (v [x] 0 @7 1%, y[x]] + M [x, y[x]]) -
3y“x] (¥ (x] €%V DGy ]y [x)] €Y DG yx) ]+

YIX] (Y X1 %P Gy ]+ Y x, yix])) €29 [x, y(x]]) +
Y X1 n®M %, y(x1] +y [x) (¥ [xIn™2 (%, y(x] ] +n®Y [x, y[x]]) +
Y XD (¥ [x] 0@ 1%, y[x]] +y [x] '™ [x, y[x]] +
Y IxD (v [xI @2 [, y[x]] +n™B2 (x, y[x]]) + 0>V [x, y[x]]) +
B8 1x, y[x]] -y [x] (yP [x] €@V x, y[x]] +y (x] €0V (%, y[x]] +
2y"[x] (¥ [x] @Y [, yx]] €Y 1, yx]]) +
Y Ix]E2Y [x, y[x]] +y [x] (¥ [x] €52 [x, y[x]]+ €Y [x, y[x]]) +
Y Ix] (v [x] €%P [x, yix]]+y [x] €5 [x, y[x]] +
Y Ix] (¥ [x] €% [x, y[x]1+ €02 [x, y[x]1) + €2V [x, y[x]1) + €% [x, y[x]])

n
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y/// — yy// . (y/)2
rrule = {y[x] - Y0, y'[x] - Y1, y'"[x] -Y¥Y2,y"'""[x] - Y3};

Replace[etal, rrule] and etal /. rrule are same

Etal = etal /. rrule
Eta2 = eta2 /. rrule
Eta3 = eta3 /. rrule

Y% [x, v0) + n " [x, o] -v1 (Y1£® (x, Y8l + £ x, vo])

v2r®Y x, o] -2v2 (v1 @Y [x, vo) + €M% [x, vo) ) +
vin®Y (x, ve] +v1 (Y17'®? [x, YO] + n'V [x, Y@l ) + n'®? [x, ve] -
Y1 (2@ [x, Yol + Y1 DY [x, YO + V1 (Y1£%% [x, Yol + £V [x, yo] ) + £ [x, vO])

v3n®Y [x, 0] -3Y3 (Y1£@Y [x, YO) + £ [x, YO) ) +
v2n (x, ve] +2v2 (Yin®? [x, Yol +n™Y [x, ve]) -
3v2 (Y2£®Y [x, YOl + Y1 ™Y [x, V@] +Y1 (Y1 £ [x, YO + £V [x, YOI ) + £ [x, YOl ) +
Yin®Y [x, Y0l + Y1 (Y12 [x, YO + >V [x, YO ) +
Y1 (v2n®? [x, Yo] +Y17? [x, YO + Y1 (Y1n'®? [x, Yol + % [x, Ye] ) +n®>Y [x, Ye]) +

a2 .

2 a - a1 1 PUPPRL |
Lie Groups and Differential Equations July 21, 2024 43/85

ismail Deniz Giin (Bogazici Univérs‘ity)




y/// — yy// . (y/)2

e Hint: Right arrow can be written with \ [RightArrow]
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y/// _ yy// . (y/)2
Our Equation:
F=Y3-Y8Y2+Y172;
Y3-Y0 Y2+Y122 means Y3->Y0 Y2-Y1/2
X2F = D[F, x] £[x, Y@] +D[F, Y@] n[x, Y8] + EtalD[F, Y1] + Eta2D[F, Y2] + Eta3D[F, Y3]
-Y2n(x, Y0] +Y31' > [x, va] -3v3 (Y1 £® [x, ve] + £ [x, o] ) +
2v1 (Yin®Y [x, Y8] + n™® [x, ¥0] - Y1 (Y1 @ [x, YO] + £ [x, v@])) +
v2n M (x, ve] +2v2 (van'®¥ [x, yo] + n™Y [x, o)) -
3v2 (Y2@Y [x, Yol +Y1E™Y [x, YO + V1 (Y1£®2 [x, Y] + £V [x, YOl ) + £ [x, V@) -
ve (v2n'®Y [x, ve) -2v2 (vy1£®" [x, vo] + €% [x, Vo) +vin"Y [x, ve] +
Y1 (Y1n'®? [x, ¥8] + n'™Y [x, @] ) + n®® [x, Y8] - V1 (Y2£%7 [x, ve] +
v1E®Y [x, ¥8] + Y1 (Y1£®2 [x, Yo] + £V [x, Yo ) + €29 [x, YO))) +
Y1n®Yx, ve] + Y1 (Yin'®? [x, v@] +n >V [x, ve) +
Y1 (Y27 ®2 [x, YOl + Y1n'm? [x, Y] + Y1 (Y1n'® [x, ¥8] + n®¥ [x, Y@ ) + n®Y [x, Vo) +
n®® [x, ve] -v1 (v3&® [x, ve] +v2 &MV [x, vo] +2v2 (v1£®? [x, vo] + e [x, YOl ) +
Y13 [x, o] + Y1 (Y1£™P [x, Yo + €2V [x, YOl ) +Y1 (v2£®2 [x, YO +
V1E®H [x, va) +v1 (Y19 [x, Ye] + £ [x, Yo ) + £3Y [x, Y0)) + £ [x, YO])
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y/// — yy// . (y/)2

SymmCond = X2F /. Y3 > YO Y2 - Y1~2
-Y2n[x, Y8] + (-Y1%+ Yo Vv2) n‘®Y [x, YO] -3 (-V1* + YO Y2) (Y1£@Y [x, vo] + £ [x, Vo)) +
2v1 (v1 n®Yx, yo] +n*? [x, YO] - Y1 (v1 £@Y x, YO + £ [x, YO )+
v2n Y x, vol +2v2 (Yan'®? (x, vo] + ntV [x, Yoy ) -
3v2 (Y2£@Y [x, Y] + Y1V [x, Y8] + V1 (Y1 £©P [x, Y] + £ [x, YB]) + £29 [x, Yo]) -
Yo (v2 n®Yx, ye] -2v2 (v1 £@®1 [x, vo] + €19 [x, Ye]) +v1 nLYx, ve] +
Y1 (Y1n®? [x, Yo] + n™Y [x, Y81 ) + n®® [x, YB] - Y1 (Y2£®Y [x, YO +
Y1 [x, Y0l + Y1 (Y1 £ [x, Yol + £ [x, Yo ) + €% [x, Yol )) +
Y1n® [x, Y8l + Y1 (YLn™? [x, Ye] + n®P [x, YO]) +
Y1 (Y2n®? [x, Y0] + Y1 n™? [x, Y@] + Y1 (Y1n'®® [x, YO] + "2 [x, Y@l ) + n'® [x, V@) +
n3® [x, v -
Y1 ((-v1%+vev2) €@V (x, Yo] +¥2 DY [x, YOl +2Y2 (Y1£®? [x, Yo] + £V [x, YOI ) +
v1E®Y [x, Yo + Y1 (Y12 [x, Yol + €2V [x, vol) +¥1 (Y26 [x, Yo +
v1 e [x, Yo +v1 (YL@ [x, Yo + €22 [x, yo) + ) [x, Yo)) + €39 [x, ve))

ismail Deniz Giin (Bogazigi University) Lie Groups and Differential Equations July 21, 2024 46 /85



y/// — yy// . (y/)2

SymmCond = Collect[SymmCond, {Y1, Y2}]
-3v22 @Y (%, vo] - v1* £@% [x, YO +
v (2£@Y [x, ve] + Yo £®? [x, Y] +n‘®¥ [x, vo] -3 & [x, vO]) -
Yo > [x, Yol +Y2 (-1 (x, Yol - Yo £ [x, vl + 30 [x, Yol -3 [x, Yo] ) +
v1? (n®Y [x, vo] - ven®? [x, Y8] -6v2£®? [x, vo] + £1® [x, vo] + 2ve £ 1Y) [x, YO +
372 (x, ve1 -3 [x, Yo)) +n™? [x, Yol + Y1 (20 [x, YO -
2ven™Y (x, o] +v2 (-Yo £ [x, ve] +31®? [x, ve] 9"V [x, ve]) +
ve €29 [x, Yo] +3n'®" [x, Yol - £29 [x, o] )

Collect function reorganizes the expression by grouping together terms
that involve the specified variables, in this case, Y1 and Y2.
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y/// — yy// . (y/)2
eql = Coefficient [SymmCond, Y2"2]

-3¢5%Y [x, ve)

DSolve[eql == 0, &, {X, YO}]
{{& - Function[{x, YO}, C[1][x]]}}

€[x_, Yo_] = al[x]

al|x]
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y/// — yy// . (y/)2

SymmCond = Collect[SymmCond, {Y1, Y2}]
Y1> n'®? [x, YO] + Y2 (-n[x, YO] -Y@al'[x] -3al”[x] +3n'"Y [x, YO)) +
v1? (a1 [x] +n'® [x, Y@] -Yen'®? [x, Yol +31nH¥ [x, vO]) -
ve %% [x, ve] +v1 (Yea1l”[x] -a1® [x] +3Y2n %% [x, YO +
2n'"% (x, Yo -2Yen'"Y [x, YO] + 302V [x, YO ) +n'>? [x, YO

eq2 = Coefficient [SymmCond, Y1~3]

n®¥ [x, Yo

DSolve[eq2 == @, n, {x, YO}]

{{n - Function|{x, Y@}, C[1][x] +Y@C[2] [x] Y8’ C[3] [x]]}}
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n __ 1 N2

y"=y" =)
nix_, Y8_] = b1l[x] + Y@ b2[x] + Y0? b3[x]
b1[x] +Y®b2[x] +Y0?b3[X]

{€0x, y1, nix, y1}
{al[x], b1[x] +yb2[x] +y* b3[x] |

SymmCond = Collect[SymmCond, {Y@, Y1, Y2}]

Y1? (b2[x] + a1 [x] + 6b3'[x]) +Y¥2 (-bl[x] +3 b2 [x] -3al"[x]) -
v@® b3” [x] + V1 (6Y2b3[x] +2b1"[x] +3b2"[x] ~a1® [x]) +b13 [x] +
Y0 (Y2 (-b2([x] -al'[x] +6b3" [x]) -bl”[x] + Y1 (al” [x] +6b3"[x]) + b2 [x]) +
Y0? (-Y2b3[x] -2Y1b3'[x] -b2"[x] + b3 [x])

eq3 = Coefficient [SymmCond, YO~ 3]
-b3” [x]

b3[x_] =cl1 +c2x;
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y/// — yy// . (y/)2

SymmCond = Collect [SymmCond, {YO, Y1, Y2}]

Y12 (6 c2+b2[x] +al [x]) +Y2 (-bl[x] +3b2'[x] -3al”[x]) +

Y0? (-2c2V1+ (-cl-c2x) Y2-b2"[x]) + Y1 (6 (c1+c2x) Y2+2b1"[x] +3b2"[x] -a1® [x]) +
b1 [x] + Y@ (Y2 (6 c2-b2[x] -al'[x]) +Ylal”[x] -bl”[x] + b2 [x])

eq3 = Coefficient[SymmCond, Y0~ 2]
-2C2Y1+ (-cl-c2x) Y2-b2"[x]

c2=0;¢cl=0;
b2[x_] = ¢3x+c4;
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y/// — yy// . (y/)2

SymmCond = Collect [SymmCond, {YO, Y1, Y2}]

Y1? (c4+c3x+al’[x]) +Y2 (3c3-bl[x] -3al"[x]) +

Y@ (Y2 (-c4-c3x-al'[x]) +Ylal”[x] -bl”[x]) + Y1 (2b1 [x] -a1® [x]) +b1® [x]

eq3 = Coefficient [SymmCond, Y142]

cd+c3x+al’ [x]

DSolve[eq3 == @, al, x]

HaleFunction[{x}, -c4 X - C32X2 +C[1]]}}

c3x?

al[x_] =-c4x- +C5;
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" __ Vi N2
y"=yy" = ()
SymmCond = Collect [SymmCond, {YO®, Y1, Y2}]

Y2 (6c3-b1[x]) +2Y1b1l [X] +Y@ (-c3Y1-bl"[x]) +b1® [x]

bil[x_] = 6¢3;

SymmCond = Collect [SymmCond, {YO, Y1, Y2}]
-c3YoYl

c3=0;
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y/// — yy// . (y/)2

{§[x, yl, n[x, yl}
{c5-c4x, c4y}

{€[x, y]l, n[x,yl} /. {c4->1, ¢5-> 0}
{€[x, yl, n[x, yl} /. {c4-50, ¢c5->1}

{-X%, ¥y}

{1, 0}

ismail Deniz Giin (Bogazigi University) Lie Groups and Differential Equations July 21, 2024 54 /85



Concluding Remarks For ODEs

You now know:

@ What a One Parameter Group of Point Transformations is.
How to get the infinitesimal generator from the group.
How to find the group from the generator.

How to find the prolongation of a generator
How to find symmetries of ODEs.

How to use the symmetries to reduce the order of an ODE.
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Partial Differential Equations

Our unknown:
u=u(x,t)
Equation:
F(x,t,u,ux,u) =0

One Parameter Group of Point Transformations:

X = X(x,t,u;€)
Fe:Q t=1t(x,t,ue)
0=d(x,t,u;e)

For first order PDEs:

0 0
X = 51 —i—fz —1-77(9
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Heat Equation

First prolongation:

0 0
x1) — x =
+ 77108 + o1y - "
Second prolongation:
0 0 0
x@ — x(@)
+ 720 D + 71 D + o275,
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Heat Equation
Ut - UXX

F = UT - UXX

ux =D[u[x, t], x];
ut =D[u[x, t], t];
utx =D[ut, x];
uxx = D[ux, x];

SymmetryCondition =n@l1D[F, UT] + n206 D[F, UXX]

nel - n20
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Heat Equation

Enter our prolongation formula:

n@l=D[n[x, t, u[x, t]], t] -uxD[E1[x, t, u[x, t]], t] -utD[E2[x, t, u[x, t]], t]
1@ =D[n[x, t, ulx, t]], x] -uxD[E1[x, t, u[x, t]1], x] ~utD[E2[x, t, ux, t]], x]
120 =D[n10, x] -uxxD[E1[x, t, u[x, t]1], x] -utxD[&E2[x, t, u[x, t]], x]
ul® I, £ 0N Ix, 1, ulx, 117 50 @R X, 1, ulx, t]] -

u®[x, t] (Um’l" [x, £] €1©%Y [x, £, ux, t]] + €@ [x, t, u[x, t] ]) -

u®b [x, t] (uw,l‘: X, t] £2991 [x, t, u[x, t]] + £2(®19 [x, t, u[x, t] ])

u® [x, €] 0@ [x, €, ulx, t]]+n D0 [x, €, ulx, t]] -
u®? x, 1] (uB [x, £] E20%Y [x, t, ulx, t]] + E10% [x, t, ulx, t]])
ul® x, £] (u®O [x, £] €20 [x, 1, ulx, t]] + 2009 [x, t, ulx, t]])

U9 [x, €] @O X, £, ulx, t]] 220 1%, €] (U [x, €] E100Y [x, £, ulx, £]] + E1000 [x, £, ulx, t]]) -
2uBV [x, 1] (U x, €] 2901 [ £ ulx, 1))+ E200 [kt ulx, 1] ) s u B D €] PO [kt ulx, €]
u®O rx, €] (U X, €] 0 @0 [x, t ulx, 111 @O [x, t ux, t17) ¢ 000 [x, €, ulx, t]] -

U x, €] (U0 [x, £] £10%D [x, t, u[x, t]] +uD? [x, t] E20%Y [x, t, ulx, t]] +
uB 0, t] (U x, €] E1P [, b, uix, £]] - 1P [x, £ ulx, £]]) ¢ 1200 [x, £, ulx, t]])
u@bx, t] (U9 [x, t] £29%Y [x, t, u[x, t]] +u®O [x, t] 2028 [x, t, ulx, t]] +

U [k, £] (U0 [x, €] £2099) [x, £, ulx, t]]+ 259V [x, £, ulx, t]]) + 82299 [x, £, ulx, t]])
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Heat Equation

Again, we try to look at this almost algebraically so we do the following
substitutions for our code:

SymmetryCondition = SymmetryCondition /. {ux - UX, ut - UT, utx - UTX, uxx -» UXX, u[x, t] » U}

UT @%@ [x, £, U] -UXX @2 [x, t, U] +n@® [x, t, U] -

UX (UT €192 Y [x, £, U] + 159 [x, £, U]) -UT (UTE2/9%Y [x, t, U] + €299 [x, t, U]) +
2UXX (UXE1@% [x, £, U] + E199 [x, £, U] ) + 2UTX (UX£2@% [x, t, U] + 2599 [x, t, U] ) -
UX 18D [x, t, U] - UX (Uan’“'T’ (X, £, U]+ @Y [x, t, U]) - n>%9 [x, £, U] +

UX (UXX E11% [x, t, U] +UX ELD%Y [x, £, U] + UX (UX E1@%2 [x, t, U] + 1000 [x, £, U]) + E12%9 [x, t, U]) +
UT (UXX €210 [x, t, U] + UX E221) [x, £, U] + UX (UX£2/9%2) [x, t, U] + 20V [x, t, U] ) + £22%% [x, t, U])
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Heat Equation

Our equation allows the substitution:

SymmetryCondition = SymmetryCondition /. UXX -» UT

n® L0 (x, t, U] ~UK (UT E1(% %Y [x, t, U] + E1(% 30 [x, t, U]) -
uT (UT 2% [x, t, U] +£2% 9 [, £, U]) +
20T (Ux 1%V [x, £, U] + E1 "0 [x, ¢, U]) +
2UTX (Ux £20%% Y [x, £, U] + £21 %0 [x, ¢, U]) -
uxnt %t %, t, U] -UX (UxXn® % [x, £, U] + 0D [x, £, U]) -
N0 [x, t, U] +UX (UT 1% [, £, U] +UX EL MOV [x, £, U] +
Ux (Ux €102 [x, £, U] + £ 0D [k, £, U]) + E1* 0D [x, £, U]) +
UT (UT £2'%% Y [x, £, U] +UX E20 %) [x, £, U] +
Ux (ux €202 [x, £, U] + £2 %D [x, £, U]) + £2(3 %% [x, £, U])
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Heat Equation

Collecting gives us this look:

6= SymmetryCondition = Collect[SymmetryCondition, {UX, UT, UTX}]
ourtel: UX3 €1(9%2) (%, £, Ul +n® 19 [x, t, U] +2U0TX 22 %0 [k, t, U] +

ux? (-n©® %2 [x, t, ] +UT €20 [x, £, U] + 210D [x, £, U]) -

UT (2610 %Y (%, £, U] +2 &2 [x, £, U]) + E13 0 [x, £, UT) +

n@ %9 x, £, U] +UX (20Tx €2 %D [x, £, U] - €11 [x, £, U] -2n" 0D [x, £, U] +
UT (€201 [x, £, U] +2E10 %0 [x, £, U]+ £22 %0 [, £, U])
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Heat Equation

DeterminingEquations = DeleteCases|[
CoefficientList[SymmetryCondition, {UX, UT, UTX}] // Flatten, 0, {-1}]

out[20]= {r;(o'l'o) [x, t, U] -n@%0 (%, ¢, U], 2&62% %0 %, t, U],
-&200 0%, £, Ul +281F 00 (%, £, U] +£2* 00 [, £, U],
-1 0%, £, U] -2n* %Y (%, £, U] + 1300 %, t, U],
26200 %, ¢, u], 26199 [, £, U] +2 &2 %Y %, £, U],
-n®0 Pk, £, Ul 28109 (%, £, U], &2 [k, £, U], £1(9%? [x, ¢, U]}

@ We are deleting every case of zero, -1 here makes sure that zeroes
from everywhere (means deepest level in mathematica, don't worry

about it)
@ We get the coefficients of UX, UT, UTX,

o Flatten the list to single level, zeroes removed.
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Heat Equation
To see it better:

DeterminingEquations // MatrixForm

n'@H®x, t, U] -n®%% [x, t, U]
282100 1x £, U]
~£20L0) [x, £, U] +2£1099 [x, t, U] +£2299 [x, £, U]
~E1OR x, 1, U] -2 (X, 1, U]+ £15 %0 [x, t, U]
2£20@01 1y, U]
261@90 [x, t, U] +2 2090 1x, t, U]
-n(®®2 [x, t, U] +2£10%0 [x, t, U]
£21%:920 [x, t, U]
£119%2 [x, t, U]

E1[x , t , U ] =AL[x, t] U+A2[x, t];
§2[x_, t_, U ]=B[t];
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Heat Equation

We have started an iterative process:

DeterminingEquations2 = DeleteCases [CoefficientList [SymmetryCondition, {UX, UT, UTX}] // Flatten, @, {-1}]

(n@b® [x, t, U] -n>® [x, t, U], -B'[t] +2 (UAL™® [x, t] + A2 [x, t]),
“UAL@Y [x, t] -A2@Y [x, t] +UAL®® [x, t] + A229 [x, t] -2 0% [x, t, U],
2A1([x, t], 2A1% [x, t] - n/®®2 [x, t, U]}
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Heat Equation

DeterminingEquations2 // MatrixForm

U(O’LB) [X: t: U] - W(Z’B’m [X: t: U}
SB[t] 42 (UALCR® [x, t] + A2 [x, t])
~UAL®D [x, t] A2V [x, t] +UAL2® [x, t] +A2(29 [x, t] -2 LD [x, t, U]
2A1[x, t]
Al[x_,t_]=80;

2A19 [x, 1] - @82 x, t, U]
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Heat Equation

DeterminingEquations3 = DeleteCases [CoefficientList [SymmetryCondition, {UX, UT, UTX}] // Flatten, 0, {-1}]
{(n©@19) [x, £, U] - @9 [x, t, U], -B'[t] +2A2) [x, t],
SA2ON [x, t] + AP [x, ] -2 PO [x, 1, U], 0@ [x, £, U]}

DeterminingEquations3 // MatrixForm
0B [x, t, U] -n>%% [x, t, U]
SB[t] +2A259 [x, t]
CA20D [x, t] + A2 [x, t] - 27 B0 [x, t, U]
-n@02 [x, t, U]

nix_,t_,U_ ]1=C1[x, tJU+C2[x, t];
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Heat Equation

DSolve[-B'[t] +2A2%°® [x, t] =@, A2, {X, t}]

HAZeFunction[{x, t), C[1][t] + % X B [t] ]H

1
A2[x , t ] =A21[t]+ E X B’ [t];
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Heat Equation

DeterminingEquations4 = DeleteCases [CoefficientList [SymmetryCondition, {UX, UT, UTX}] // Flatten, @, {-1}]

S 1
fuaa®yx, €)@ b 1] U™ G €] - [x, 1), A2 (1] D xBY] 2C 0 [x, b

DeterminingEquations4 // MatrixForm

UC1®D [x, t] + €29V [x, t] ~UCL19 [x, t] - C2(29 [x, t]
SA21[t] - L x B[] -2C10 [x, t]

7 1 rr (1,0)
DSolve[-AZl (8]~ 2 xB"[t] -2C1%9 [x, t] =0, 1, {x, t}]

{{CHFunction[(x, t), C[1][t] +%

_2xA21°[t] - % X2 B [t] )]}}

Cl[x_, t_] =C11[t] W1 (-2xA21’[t] -EXZB”[t])'
st i z 5
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Heat Equation

SymmetryCondition = Collect [SymmetryCondition // FullSimplify, {U}]

1

3 U (8C11'[t] +2B”[t] -x (4A217[t] +x B [t]]] + 2% [x, t] -C2'%% [, t]
eql = Collect[8 Coefficient [SymmetryCondition, U], x]

8C11/[t] -4xA21”[t] +2B”[t] -x*B" [t

B[t ]=cl+c2t+c3t"2;
A21[t_ ] =c4+c5t;

eql

4¢3+ 8C1T[t]
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Heat Equation
DSolve[eql == 6, C11, t]

{{ClleFunction {(t}, —Czt *C[l]]”

Cli[t ] = - + C6
c3t

c6 - ——
2
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Heat Equation

Symmetries = {£1[X, t, ul, €2[x, t, u], n[x, t, ul}
SymmetryCondition = SymmetryCondition // FullSimplify

1 ) 3t
{c4+c5‘c+E (c2+2¢3t) X, cl+c2t+c3t?, u|c6-

"3 —2c5x—c3x2)) L C2[x, t}}

2@t x, t] - 2% [x, t]

[} = =
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Heat Equation

So some examples of what symmetries we have is:

0 0

X]_:E nga
0

0
X3—X&+2ta
0 ux 0

X4:ta+7%
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Reduction

(x,t;u) — (r,s; w)

Xr=0 5
Xw =0 3 This gives X = —

0s
Xs=1

New equation won't have s.
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Reduction

Use: 5 5 5
X = Xa + 2t§ + Ua

XWy + 2twy + uw, = 0
dx dt du

dw
x 2t u o)
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Reduction

d d

dw _du_ ¢
0 u

d. d

o _du v o
X u X

dx dt x2
PR TIRArIa
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Reduction

2
u x
W—QS(;aT)
2
u x
r—lﬂ(;,T)
Pick:
%2
r=—
t
u
w = —
X

Lie Groups and Differential Equations
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Reduction

Xs=1 4 4
KB st G
X 1
2
G=- G==
X t
We pick
s = In(x)
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Reduction

X2
r = T
Gl
=X Os
s = In(x)
We will insert
x? x?
u(x,t) =xw(—=), r= T
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Reduction

ufx_, t_] =xw[xT2];

ReducedEq =D[u[x, t], t] -D[u[x, t], {x, 2}] // FullSimplify

X ((61:+x2)w’["?2

+4x2w”{ﬁ”
t

tZ
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Reduction

t=x"2/ 5
ReducedEq // Simplify

r(6+r)wir]+4rw’[r])

X
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Reduction

ReducedEquation= (6 +r) w [r] +4rw’[r]

(6+r)w ir]+4rw’[r]

ReducedEquation is a second order ODE
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Reduction

t=.;
DSolve [ReducedEquation == 0, w, r]

HwaFunction[{r‘}, C[2] +C[1] [ 23;/4 ’\/_Erf[g]]”}

wir_] =k2+k1

k2 + k1

efr‘/él \F
,z( ,J;Emc[g])

r

ulx_, t_] =w[x*/t] // FullSimplify

N * %

2
Xz
kZ—M—klx/;Er‘f[

x2

t=.; clears the variable.
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Conclusions on PDEs

@ Not too different from ODEs.
@ Symmetries can help you turn PDEs into ODEs.

ismail Deniz Giin (Bogazigi University) Lie Groups and Differential Equations July 21, 2024 84 /85



Further reading and access to code

@ You can find the code for the examples in this presentation at:
@ https://idenizgun.github.io/
© Recommended reading:

@ Hans Stephani, Differential Equations: Their Solution Using
Symmetries

@ Peter Olver, Applications of Lie Groups to Differential Equations

ismail Deniz Giin (Bogazigi University) Lie Groups and Differential Equations July 21, 2024 85/85


https://idenizgun.github.io/

	Introduction and Motivation
	One parameter Group of Point Transformations
	Definition and Examples
	Prolongation
	Symmetries

	ODE symmetries and Computers 
	Partial Differential Equations

