Finding Symmetries of y”’=yy'" - (y")?

etal =D[n[x, y[x]], x] -y "' [x] «D[£[x, y[x]], X]

y X3 @ x, yx] ]+ n ™0 x, y[x1] -y [x] (Y [x] PV [, y(x]] + €02 [x, y[x]])

eta2 =D[etal, x] -y "''[x] «D[E[X, Y[x]], X]

Y [x] n@Y x, y[x]] -2y7[(x] (y'[x] €@V x, yIx]T+ERY [x, y[x]]) +
.

y X3P x, yx]T+y [x] (Y Ix] n @2 x, y[x]] + 0™ [x, y(x]])
X, y[x11 -y [x] (v [x] €%V [x, y[x]] +y [x] €MV [x, yIx]] +
Y Ix] (Y [x] @2 x, yix]]+ €0V %, yIx]]) + €29 [x, y[x]])

eta3 =D[eta2, x] -y"'"'[x] *D[E[X, Y[X]], X]

@D 1%, y[x]1-3yP [x] (y [x] €@V x, yx]]+ P [x, y[x]]) +
U x, yx]] 2y [x] (Y IxI 0% %, y[x1] + Y [x, y(x]]) -
3y [x] (y'[x] €Y ix, yIx]] +y [x] €FY [x, y[x]] +

Y IX] (y [x] €@ %, yx]]+ PP %, y[x]]) + £2P [x, y[x]]) +

y? x1n
y'Ix]n

[X]
y' [x] n®b [x, y[ 11+ [x] (Y [x]I n®™2 [, y[x1] +n®Y [x, y[x]]) +
y'[x] ( 102 0, y X1 +y [xI n™? [x, yIx]] +
@, yix11+n®? x, yIx11) +n®Y [x, y[x]]) +
n<” (%, y[x11 -y [x] [y [x] €@V [x, y[x]] +y”[x] €2V [x, y[x]]

Y x ,y[ 11 +y' [x] (v [x] €22 1%, y[x]] + €% [x, y[x]]) +
y [x] P, yIXIT 4y [x] €T [x, y[x]] +
y’[XJ (y’[x] €03 %, yx]1]+ €M [x, yx]1) + €2V [x, y[x]]) + £ [x, y[x]])

“[x

x] (¥

> Y
“[x] ( [x] €®2 [x, y[x]] + £V [x, y[x]]) +
g

(

rrule = {y[x] - Y0, y'[x] »Y1l,y"'"'[Xx] »Y2,y"'""[x] »Y3};

Replace[etal, rrule] and etal/. rrule are same
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Etal = etal /. rrule
Eta2 = eta2 /. rrule
Eta3 = eta3 /. rrule

Y1n@ [x, Yo +n™®? [x, Yol -v1 (Y1 £V [x, Y] + £% [x, YOl )

v2n®Y [x, Ye] -2Y2 (Y1 £ [x, Yo] + £ [x, Yol ) +
Yin® b [x, Yol + Y1 (Y1n'®? [x, YOl + n™Y [x, YO ) + n>® [x, Ye] -
Y1 (Y2£@Y [x, Yol + Y1 MY [x, Yol + V1 (Y1£%? [x, Yol + £ [x, Y@l ) + £2 [x, Yvo])

Y3 @ x, Yol -3Y3 (Y1 £ [x, Yol + €% [x, o) +
Y2 Y [x, Y8l +2Y2 (Y1n'®? [x, Yol +n™ (x, o)) -
3v2 (Y250 [x, YO + Y1 £ [x, YOI + Y1 (Y12 [x, YOI + £V [x, Yo]) + £ [x, Yo7) +
Y11 Y [x, Yo] + Y1 (YL n™? [x, YOl + n®% [x, YOI) +
Y1 (Y27(®? [x, YO + Y172 [x, YO + Y1 (Y1 1% [x, Y] + %2 [x, YOI ) + n®Y [x, Ye]) +
n®® [x, Y0] -1 (Y35®Y [x, Y] + Y25 [x, Yol +2Y2 (Y1 &2 [x, Y] + £ [x, YO ) +
Y1E®Y [x, Y0] + Y1 (Y1 M2 [x, YOI + £V [x, Ye]) + V1 (Y2 £ [x, Yo] +
Y1£®2 x, Yo + Y1 (Y1 €% [x, Y] + £ [x, Yol ) + £2% [x, Yol | + £ [x, Y]

Our Equation:
F=Y3-Y0Y2+Y172;
Y3-Y0 Y2+Y17A2 means Y3->Y0 Y2-Y1/2
X2F = D[F, x] £[X, Y@] +D[F, YO] n[x, Y@] + EtalD[F, Y1] + Eta2 D[F, Y2] + Eta3D[F, Y3]
-Y2n(x, Yol +Y3n'®Y [x, Y] -3Y3 (Y1 £©@ [x, vo] + £4% [x, Yol ) +
2v1 (Y@ [x, Y8 + n™® [x, YB] - ¥1 (Y1 £®Y [x, Yol + £ [x, YO])) +
Y2t [x, Yol +2Y2 (Y1n'®¥ [x, Yol + n™Y [x, YO]) -
3v2 (Y2691 [x, YOl + Y1 MY [x, YO + Y1 (Y1 £@? [x, Yo] + £V [x, YOl ) + £>% [x, YOl ) -
ve (Y2n®Y [x, Yol -2VY2 (Y1 £V [x, Yol + £ [x, Y@l ) + Y1V [x, YOl +
Y1 (Y1n'®? [x, Y@] +nY [x, Y@]) +n>® [x, Yo] - Y1 (v2£®Y [x, o] +
Y1£®Y [x, Y0l + Y1 (Y1£®? [x, YOl + £V [x, YOl ) + £%% [x, YOl )) +
Yin®Y [x, Yol + Y1 (Y1n™? [x, Y] +n®Y [x, YOl ) +
Y1 (Y2n'®? [x, Ye] + Y12 [x, Y@] + Y1 (Y1n®? [x, YOI + % [x, Ye]) +n®Y [x, Y@l ) +
n®1x, vo] -v1 (Y3 £®Y [x, Yo] + Y2 MY [x, YO] +2Y2 (Y1£©? [x, Yol + £V [x, YO]) +
Y1E@Y [x, Yol + Y1 (Y1£™®? [x, Yol + £2Y [x, Yol ) + Y1 (Y2£@? [x, YO +
Y1£™? [x, YOl +V1 (Y1£© % [x, Yo + £ [x, Yol ) + £ [x, vo]) + £ [x, Ye])
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SymmCond = X2F /. Y3 » YO Y2 - Y1/2
-Y2n(x, Yo] + (-Y1% + Y0 Y2) n'®Y [x, YOI -3 (-Y1? + YO Y2) (Y1£@ [x, YOl + €% [x, YO ) +
2v1 (Y1 n®Yx, ve] + n% [x, vo] -v1 (Y1 £®Y [x, Yol + £% [x, Y@l )) +
v2ntY [x, Y@l +2Y2 (Y1n®? [x, Yol +nY [x, Y] ) -
3v2 (Y269 [x, YOl + Y1 MY [x, YO + Y1 (Y1£@? [x, Yo] + £V [x, YOl ) + £2% [x, YOl ) -
ve (Y2n®Y [x, Yol -2Y2 (Y1 %Y [x, Y] + €% [x, Y@l ) + Y1V [x, YOl +
Y1 (Y1n®? [x, Y@l + nY [x, YOI ) + n®® [x, Y@] - ¥1 (Y2 £ [x, YO] +
Y1£®Y [x, Y0l + Y1 (Y1 %% [x, YOl + £V [x, YOl ) + £%% [x, YOl )) +
Yin®Y [x, Yol +Y1 (Y1n'™? [x, Y] +n®Y [x, YOl ) +
Y1 (Y21®? [x, Y] +Y1n? [x, YOl + V1 (Y1n®? [x, YO] + ™2 [x, YOI ) + n®Y [x, YO ) +
n>® [x, ve] -
Y1 ((-Y1?+vey2) £V [x, Yol +v2£®Y [x, YOl +2Y2 (Y1£©% [x, YOl + £V [x, YO ) +
Y1V [x, Y0l +Y1 (Y1£®? [x, Yo] + £V [x, Y@l ) + Y1 (Y2£%? [x, Ye] +
Y1£®2 [x, Y0l + Y1 (Y1 %% [x, YOl + £ [x, YO ) + £V [x, Y@l ) + £ [x, vo])

SymmCond = Collect [SymmCond, {Y1, Y2}]

-3Y22 @Y [x, vo] - Y14 £%3) %, YO +

v1® (26@Y [x, Yol + Y8 £®? [x, Yol +n'®? [x, YO] -3 £ [x, YO]) -

Yo n'>® [x, Yol + Y2 (-n[x, Y] -Yo £ % [x, Yol +3n™Y [x, Yo] -3 5% [x, Yol ) +

Y12 (77‘9’” [X, YO] -Y0n'®2 [x, YB] -6Y2£®2 [x, YO] + €19 [x, Yo] +2Y0 £V [x, YOI +
3n®? (x, vo] -3£%Y [x, vo]) +n>¥ [x, YO] +Y1 (209 [x, Yo -
2v0 ™ [x, YO] +Y2 (-Y0 £ [x, O] +31 % [x, Yo] -9 £®Y [x, YOl ) +
Yo £%9 [x, Yo] +3n®Y [x, Yol - £39 [x, vm)

eql = Coefficient [SymmCond, Y2/2]
-3V [x, ve]
DSolve[eql == 9, &, {Xx, YO}]

{{£ - Function[{x, YO}, C[1][x]]}}

§lx_, Yo_] = al[x]
al[x]

SymmCond = Collect [SymmCond, {Y1, Y2}]
v1® n®3 [x, Y@l +Y2 (-n[x, YO] -Yeal [x] -3al”[x] +3 " [x, Y@l ) +
v1? (a1’ [x] +n @Y [x, Yo] -Yon'®? [x, Yol +3n"? [x, YO ) -
Yo n'>® [x, Yol + Y1 (Yo a1l”[x] - a1 [x] +3Y2n ®:2) 1y Y07 +
2n®®1x, ve] -2ve ' [x, YOl +31n* [x, YO ) + n*? [x, Ye]

eq2 = Coefficient [SymmCond, Y173]

n®? (x, ve]

DSolve[eq2 == 0, 1, {X, YO}]

{{n - Function|[{x, Y@}, C[1] [x] +Y8C[2] [x] +Y8*C[3] [x]|}}
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nix_, Y0_] = b1[x] + YO b2[x] +Y®? b3 [x]
b1[x] + YO b2 [x] +Y0? b3 [x]

{&[x, yl, nlx, yl}
{al[x], bl[x] +yb2[x] +y?b3[x]}

SymmCond = Collect [SymmCond, {YO, Y1, Y2}]

Y12 (b2[x] +al [x] +6b3" [x]) +Y2 (-b1l[x] +3b2 [x] -3al”[x]) -
Y0’ b3 [x] + Y1 (6 Y2b3[x] +2b1'[x] +3b2" [x] -a1® [x]) + b1 [x] +
YO (Y2 (-b2([x] -al'[x] +6b3'[x]) - bl”[x] + Y1 (al”[x] +6b3"[x]) +b2® [x]) +
Ye? (-Y2b3[x] -2Y1b3'[x] -b2" [x] + b3 [x])

eq3 = Coefficient [SymmCond, YO"3]
-b3” [x]
b3[x_] =¢cl1 +c2Xx;

SymmCond = Collect [SymmCond, {YO, Y1, Y2}]

Y12 (6c2+b2[x] +al [x]) +Y2 (-b1[x] +3 b2 [x] -3al”[x]) +
Y@? (-2c2Y1+ (-cl-c2x) Y2-b2"[x]) +Y1 (6 (c1+c2x) Y2+2b1 [x] +3b2"[x] -a1"® [x]) +
b1 [x] + Y@ (Y2 (6c2-b2[x] -al’[x]) +Y1al”[x] - bl" [x] + b2 [x])

eq3 = Coefficient [SymmCond, YO"2]

-2C2Y1+ (-cl-c2x)Y2-b2"[x]

c2=0;cl=0;

b2[x_] = c3x+c4;

SymmCond = Collect [SymmCond, {YO, Y1, Y2}]

Y1% (c4+c3x+al’ [x]) +Y2 (3¢3-bl[x] -3al”[x]) +

Y8 (Y2 (-c4-c3x-al'[x]) +Ylal”[x] -b1”[x]) +Y1 (2b1'[x] -a1®® [x]) + b1 [x]

eq3 = Coefficient [SymmCond, Y1/2]

c4 +c3x+al [x]

DSolve[eq3 == 9, al, x]

{{al - Function| {x}, -c4x - c32x2 +C[1]”}

c3 x?
al[x_] = -c4x-

+c5;
2

SymmCond = Collect [SymmCond, {YO, Y1, Y2}]

Y2 (6c3-b1[x]) +2Y1b1l [Xx] +YO (-c3Y1l-bl"[x]) +b1® [x]

bl[x_] =6c3;



SymmCond = Collect [SymmCond, {YO, Y1, Y2}]
-c3Yovl

c3 =0;
{€1x, Y1, n[X, Y1}

{c5-cd4x, c4y}

{€[x, y1, n[x, y1} /. {c4>1, c5 -0}
{€[x, ¥y1, n[x, y1} /. {c4 >0, c5->1}

{—X, y}

{1, o}
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