
Finding Symmetries of    y’’’= yy'' - (y ')2

eta1 = D[η[x, y[x]], x] - y'[x] × D[ξ[x, y[x]], x]

y′[x] η
(0,1)

[x, y[x]] + η
(1,0)

[x, y[x]] - y′[x] y′[x] ξ
(0,1)

[x, y[x]] + ξ
(1,0)

[x, y[x]]

eta2 = D[eta1, x] - y''[x] × D[ξ[x, y[x]], x]

y′′[x] η
(0,1)

[x, y[x]] - 2 y′′[x] y′[x] ξ
(0,1)

[x, y[x]] + ξ
(1,0)

[x, y[x]] +

y′[x] η
(1,1)

[x, y[x]] + y′[x] y′[x] η
(0,2)

[x, y[x]] + η
(1,1)

[x, y[x]] +

η
(2,0)

[x, y[x]] - y′[x] y′′[x] ξ
(0,1)

[x, y[x]] + y′[x] ξ
(1,1)

[x, y[x]] +

y′[x] y′[x] ξ
(0,2)

[x, y[x]] + ξ
(1,1)

[x, y[x]] + ξ
(2,0)

[x, y[x]]

eta3 = D[eta2, x] - y'''[x] × D[ξ[x, y[x]], x]

y(3)[x] η
(0,1)

[x, y[x]] - 3 y(3)[x] y′[x] ξ
(0,1)

[x, y[x]] + ξ
(1,0)

[x, y[x]] +

y′′[x] η
(1,1)

[x, y[x]] + 2 y′′[x] y′[x] η
(0,2)

[x, y[x]] + η
(1,1)

[x, y[x]] -

3 y′′[x] y′′[x] ξ
(0,1)

[x, y[x]] + y′[x] ξ
(1,1)

[x, y[x]] +

y′[x] y′[x] ξ
(0,2)

[x, y[x]] + ξ
(1,1)

[x, y[x]] + ξ
(2,0)

[x, y[x]] +

y′[x] η
(2,1)

[x, y[x]] + y′[x] y′[x] η
(1,2)

[x, y[x]] + η
(2,1)

[x, y[x]] +

y′[x] y′′[x] η
(0,2)

[x, y[x]] + y′[x] η
(1,2)

[x, y[x]] +

y′[x] y′[x] η
(0,3)

[x, y[x]] + η
(1,2)

[x, y[x]] + η
(2,1)

[x, y[x]] +

η
(3,0)

[x, y[x]] - y′[x] y(3)[x] ξ
(0,1)

[x, y[x]] + y′′[x] ξ
(1,1)

[x, y[x]] +

2 y′′[x] y′[x] ξ
(0,2)

[x, y[x]] + ξ
(1,1)

[x, y[x]] +

y′[x] ξ
(2,1)

[x, y[x]] + y′[x] y′[x] ξ
(1,2)

[x, y[x]] + ξ
(2,1)

[x, y[x]] +

y′[x] y′′[x] ξ
(0,2)

[x, y[x]] + y′[x] ξ
(1,2)

[x, y[x]] +

y′[x] y′[x] ξ
(0,3)

[x, y[x]] + ξ
(1,2)

[x, y[x]] + ξ
(2,1)

[x, y[x]] + ξ
(3,0)

[x, y[x]]

rrule = {y[x]  Y0, y'[x]  Y1, y''[x]  Y2, y'''[x]  Y3};

Replace[eta1, rrule] and  eta1 /. rrule are same



Eta1 = eta1 /. rrule

Eta2 = eta2 /. rrule

Eta3 = eta3 /. rrule

Y1 η
(0,1)

[x, Y0] + η
(1,0)

[x, Y0] - Y1 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0]

Y2 η
(0,1)

[x, Y0] - 2 Y2 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0] +

Y1 η
(1,1)

[x, Y0] + Y1 Y1 η
(0,2)

[x, Y0] + η
(1,1)

[x, Y0] + η
(2,0)

[x, Y0] -

Y1 Y2 ξ
(0,1)

[x, Y0] + Y1 ξ
(1,1)

[x, Y0] + Y1 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] + ξ
(2,0)

[x, Y0]

Y3 η
(0,1)

[x, Y0] - 3 Y3 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0] +

Y2 η
(1,1)

[x, Y0] + 2 Y2 Y1 η
(0,2)

[x, Y0] + η
(1,1)

[x, Y0] -

3 Y2 Y2 ξ
(0,1)

[x, Y0] + Y1 ξ
(1,1)

[x, Y0] + Y1 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] + ξ
(2,0)

[x, Y0] +

Y1 η
(2,1)

[x, Y0] + Y1 Y1 η
(1,2)

[x, Y0] + η
(2,1)

[x, Y0] +

Y1 Y2 η
(0,2)

[x, Y0] + Y1 η
(1,2)

[x, Y0] + Y1 Y1 η
(0,3)

[x, Y0] + η
(1,2)

[x, Y0] + η
(2,1)

[x, Y0] +

η
(3,0)

[x, Y0] - Y1 Y3 ξ
(0,1)

[x, Y0] + Y2 ξ
(1,1)

[x, Y0] + 2 Y2 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] +

Y1 ξ
(2,1)

[x, Y0] + Y1 Y1 ξ
(1,2)

[x, Y0] + ξ
(2,1)

[x, Y0] + Y1 Y2 ξ
(0,2)

[x, Y0] +

Y1 ξ
(1,2)

[x, Y0] + Y1 Y1 ξ
(0,3)

[x, Y0] + ξ
(1,2)

[x, Y0] + ξ
(2,1)

[x, Y0] + ξ
(3,0)

[x, Y0]

Our Equation :

F = Y3 - Y0 Y2 + Y1^2;

Y3-Y0 Y2+Y1^2 means Y3->Y0 Y2-Y1^2

X2F = D[F, x] ξ[x, Y0] + D[F, Y0] η[x, Y0] + Eta1 D[F, Y1] + Eta2 D[F, Y2] + Eta3 D[F, Y3]

-Y2 η[x, Y0] + Y3 η
(0,1)

[x, Y0] - 3 Y3 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0] +

2 Y1 Y1 η
(0,1)

[x, Y0] + η
(1,0)

[x, Y0] - Y1 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0] +

Y2 η
(1,1)

[x, Y0] + 2 Y2 Y1 η
(0,2)

[x, Y0] + η
(1,1)

[x, Y0] -

3 Y2 Y2 ξ
(0,1)

[x, Y0] + Y1 ξ
(1,1)

[x, Y0] + Y1 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] + ξ
(2,0)

[x, Y0] -

Y0 Y2 η
(0,1)

[x, Y0] - 2 Y2 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0] + Y1 η
(1,1)

[x, Y0] +

Y1 Y1 η
(0,2)

[x, Y0] + η
(1,1)

[x, Y0] + η
(2,0)

[x, Y0] - Y1 Y2 ξ
(0,1)

[x, Y0] +

Y1 ξ
(1,1)

[x, Y0] + Y1 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] + ξ
(2,0)

[x, Y0] +

Y1 η
(2,1)

[x, Y0] + Y1 Y1 η
(1,2)

[x, Y0] + η
(2,1)

[x, Y0] +

Y1 Y2 η
(0,2)

[x, Y0] + Y1 η
(1,2)

[x, Y0] + Y1 Y1 η
(0,3)

[x, Y0] + η
(1,2)

[x, Y0] + η
(2,1)

[x, Y0] +

η
(3,0)

[x, Y0] - Y1 Y3 ξ
(0,1)

[x, Y0] + Y2 ξ
(1,1)

[x, Y0] + 2 Y2 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] +

Y1 ξ
(2,1)

[x, Y0] + Y1 Y1 ξ
(1,2)

[x, Y0] + ξ
(2,1)

[x, Y0] + Y1 Y2 ξ
(0,2)

[x, Y0] +

Y1 ξ
(1,2)

[x, Y0] + Y1 Y1 ξ
(0,3)

[x, Y0] + ξ
(1,2)

[x, Y0] + ξ
(2,1)

[x, Y0] + ξ
(3,0)

[x, Y0]

2     Untitled-4.nb



SymmCond = X2F /. Y3  Y0 Y2 - Y1^2

-Y2 η[x, Y0] + -Y12 + Y0 Y2 η
(0,1)

[x, Y0] - 3 -Y12 + Y0 Y2 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0] +

2 Y1 Y1 η
(0,1)

[x, Y0] + η
(1,0)

[x, Y0] - Y1 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0] +

Y2 η
(1,1)

[x, Y0] + 2 Y2 Y1 η
(0,2)

[x, Y0] + η
(1,1)

[x, Y0] -

3 Y2 Y2 ξ
(0,1)

[x, Y0] + Y1 ξ
(1,1)

[x, Y0] + Y1 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] + ξ
(2,0)

[x, Y0] -

Y0 Y2 η
(0,1)

[x, Y0] - 2 Y2 Y1 ξ
(0,1)

[x, Y0] + ξ
(1,0)

[x, Y0] + Y1 η
(1,1)

[x, Y0] +

Y1 Y1 η
(0,2)

[x, Y0] + η
(1,1)

[x, Y0] + η
(2,0)

[x, Y0] - Y1 Y2 ξ
(0,1)

[x, Y0] +

Y1 ξ
(1,1)

[x, Y0] + Y1 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] + ξ
(2,0)

[x, Y0] +

Y1 η
(2,1)

[x, Y0] + Y1 Y1 η
(1,2)

[x, Y0] + η
(2,1)

[x, Y0] +

Y1 Y2 η
(0,2)

[x, Y0] + Y1 η
(1,2)

[x, Y0] + Y1 Y1 η
(0,3)

[x, Y0] + η
(1,2)

[x, Y0] + η
(2,1)

[x, Y0] +

η
(3,0)

[x, Y0] -

Y1 -Y12 + Y0 Y2 ξ
(0,1)

[x, Y0] + Y2 ξ
(1,1)

[x, Y0] + 2 Y2 Y1 ξ
(0,2)

[x, Y0] + ξ
(1,1)

[x, Y0] +

Y1 ξ
(2,1)

[x, Y0] + Y1 Y1 ξ
(1,2)

[x, Y0] + ξ
(2,1)

[x, Y0] + Y1 Y2 ξ
(0,2)

[x, Y0] +

Y1 ξ
(1,2)

[x, Y0] + Y1 Y1 ξ
(0,3)

[x, Y0] + ξ
(1,2)

[x, Y0] + ξ
(2,1)

[x, Y0] + ξ
(3,0)

[x, Y0]

SymmCond = Collect[SymmCond, {Y1, Y2}]

-3 Y22 ξ(0,1)
[x, Y0] - Y14 ξ(0,3)

[x, Y0] +

Y13 2 ξ
(0,1)

[x, Y0] + Y0 ξ
(0,2)

[x, Y0] + η
(0,3)

[x, Y0] - 3 ξ
(1,2)

[x, Y0] -

Y0 η
(2,0)

[x, Y0] + Y2 -η[x, Y0] - Y0 ξ
(1,0)

[x, Y0] + 3 η
(1,1)

[x, Y0] - 3 ξ
(2,0)

[x, Y0] +

Y12 η(0,1)
[x, Y0] - Y0 η

(0,2)
[x, Y0] - 6 Y2 ξ

(0,2)
[x, Y0] + ξ

(1,0)
[x, Y0] + 2 Y0 ξ

(1,1)
[x, Y0] +

3 η
(1,2)

[x, Y0] - 3 ξ
(2,1)

[x, Y0] + η
(3,0)

[x, Y0] + Y1 2 η
(1,0)

[x, Y0] -

2 Y0 η
(1,1)

[x, Y0] + Y2 -Y0 ξ
(0,1)

[x, Y0] + 3 η
(0,2)

[x, Y0] - 9 ξ
(1,1)

[x, Y0] +

Y0 ξ
(2,0)

[x, Y0] + 3 η
(2,1)

[x, Y0] - ξ
(3,0)

[x, Y0]

eq1 = Coefficient[SymmCond, Y2^2]

-3 ξ
(0,1)

[x, Y0]

DSolve[eq1  0, ξ, {x, Y0}]

{{ξ  Function[{x, Y0}, C[1][x]]}}

ξ[x_, Y0_] = a1[x]

a1[x]

SymmCond = Collect[SymmCond, {Y1, Y2}]

Y13 η(0,3)
[x, Y0] + Y2 -η[x, Y0] - Y0 a1′[x] - 3 a1′′[x] + 3 η

(1,1)
[x, Y0] +

Y12 a1′[x] + η
(0,1)

[x, Y0] - Y0 η
(0,2)

[x, Y0] + 3 η
(1,2)

[x, Y0] -

Y0 η
(2,0)

[x, Y0] + Y1 Y0 a1′′[x] - a1(3)[x] + 3 Y2 η
(0,2)

[x, Y0] +

2 η
(1,0)

[x, Y0] - 2 Y0 η
(1,1)

[x, Y0] + 3 η
(2,1)

[x, Y0] + η
(3,0)

[x, Y0]

eq2 = Coefficient[SymmCond, Y1^3]

η
(0,3)

[x, Y0]

DSolve[eq2  0, η, {x, Y0}]

η  Function{x, Y0}, C[1][x] + Y0 C[2][x] + Y02 C[3][x]
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η[x_, Y0_] = b1[x] + Y0 b2[x] + Y02 b3[x]

b1[x] + Y0 b2[x] + Y02 b3[x]

{ξ[x, y], η[x, y]}

a1[x], b1[x] + y b2[x] + y2 b3[x]

SymmCond = Collect[SymmCond, {Y0, Y1, Y2}]

Y12 (b2[x] + a1′[x] + 6 b3′[x]) + Y2 (-b1[x] + 3 b2′[x] - 3 a1′′[x]) -

Y03 b3′′[x] + Y1 6 Y2 b3[x] + 2 b1′[x] + 3 b2′′[x] - a1(3)[x] + b1(3)[x] +

Y0 Y2 (-b2[x] - a1′[x] + 6 b3′[x]) - b1′′[x] + Y1 (a1′′[x] + 6 b3′′[x]) + b2(3)[x] +

Y02 -Y2 b3[x] - 2 Y1 b3′[x] - b2′′[x] + b3(3)[x]

eq3 = Coefficient[SymmCond, Y0^3]

-b3′′[x]

b3[x_] = c1 + c2 x;

SymmCond = Collect[SymmCond, {Y0, Y1, Y2}]

Y12 (6 c2 + b2[x] + a1′[x]) + Y2 (-b1[x] + 3 b2′[x] - 3 a1′′[x]) +

Y02 (-2 c2 Y1 + (-c1 - c2 x) Y2 - b2′′[x]) + Y1 6 (c1 + c2 x) Y2 + 2 b1′[x] + 3 b2′′[x] - a1(3)[x] +

b1(3)[x] + Y0 Y2 (6 c2 - b2[x] - a1′[x]) + Y1 a1′′[x] - b1′′[x] + b2(3)[x]

eq3 = Coefficient[SymmCond, Y0^2]

-2 c2 Y1 + (-c1 - c2 x) Y2 - b2′′[x]

c2 = 0; c1 = 0;

b2[x_] = c3 x + c4;

SymmCond = Collect[SymmCond, {Y0, Y1, Y2}]

Y12 (c4 + c3 x + a1′[x]) + Y2 (3 c3 - b1[x] - 3 a1′′[x]) +

Y0 (Y2 (-c4 - c3 x - a1′[x]) + Y1 a1′′[x] - b1′′[x]) + Y1 2 b1′[x] - a1(3)[x] + b1(3)[x]

eq3 = Coefficient[SymmCond, Y1^2]

c4 + c3 x + a1′[x]

DSolve[eq3  0, a1, x]

a1  Function{x}, -c4 x -
c3 x2

2
+ C[1]

a1[x_] = -c4 x -
c3 x2

2
+ c5;

SymmCond = Collect[SymmCond, {Y0, Y1, Y2}]

Y2 (6 c3 - b1[x]) + 2 Y1 b1′[x] + Y0 (-c3 Y1 - b1′′[x]) + b1(3)[x]

b1[x_] = 6 c3;
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SymmCond = Collect[SymmCond, {Y0, Y1, Y2}]

-c3 Y0 Y1

c3 = 0;

{ξ[x, y], η[x, y]}

{c5 - c4 x, c4 y}

{ξ[x, y], η[x, y]} /. {c4  1, c5  0}

{ξ[x, y], η[x, y]} /. {c4  0, c5  1}

{-x, y}

{1, 0}
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